Introduction
In this notes we discuss Brownian motions on compact groups. For a compact group G, these are G-valued stochastic processes having independent stationary increments, continuous paths, and some additional natural properties such as symmetry and bi-invariance. See also Heyer's treaty [26] for background and historical remarks.
We outline recent results concerning two types of problems: (a) existence of Brownian motions having certain prescribed properties such as one-dimensional marginals having continuous densities; (b) relations between various properties of the one-dimensional marginals. We then illustrate these results by looking at some specific examples of compact, connected, locally connected groups that are not Lie groups.
Our general goal is to develop a better understanding of Brownian motions on compact groups. The results presented below solve a number of questions that emerged in the sixties and seventies concerning these processes and their associated harmonic sheaves. For instance, which are the groups that carry bi-invariant Brelot harmonic sheaves? which are the groups that carry Brownian motions with one dimensional marginals having a continuous density? For Brownian motions with one dimensional marginals having a continuous density µ t (·), what are the possible behaviors of µ t (e) as t tends to zero?
Among other natural questions is the problem of studying the regularity of the paths of such processes. Although this will not be discussed in the sequel, it should be clear that our results are important building blocks in this direction. We conjecture that any connected locally connected compact group G having a countable basis for its topology admits Brownian motion having Hölder continuous paths with Hölder exponent α for all α < 1/2. We will present results in these directions in a forthcoming paper.
Our study naturally belongs to the general area known as Probability on Algebraic Structures. As an identified field of study, Probability on Algebraic Structures can be traced back to the late fifties and early sixties. Two references with pointers to the early papers on the subject are [24, 31] . The sixties and early seventies saw a period of rapid growth where important results of a general nature were obtained and specific objects and problems of interest were identified. But, during the seventies, and although the study of specific examples led to many interesting and important developments (e.g., Gaussian measures on Banach spaces), the early enthousiasm for the subject as a whole seems to have faded. It is interesting to note the parallel with the fate of general Potential Theory. Of course, certain parts of the two subjects are very much related.
The eighties brought a renewed interest for certain aspects of Probability on Algebraic Structures. New results were obtained concerning random walks on finite and countable groups, random walks on locally compact groups, Gaussian convolution semigroups on Lie groups. See [21, 33, 34] among many other references. One should also mention here the study of quasiinvariant measures on non-locally compact groups such as loop groups. See [25] for a recent survey in this direction. Most of these results have a rather concrete character and are often related to different areas of mathematics such as analysis, geometry, etc.
Thus, the study of specific group-valued stochastic processes with independent stationary increments and their properties has been a rich and successful area of research for the last two decades. The results described below should find their place in this general picture.
Brownian motion on compact group
Let G be a compact group with neutral element e and Haar measure ν. Let X = (X t , P), X 0 = e be a G valued random process. Definition 1.1 We say that X is a Brownian motion on G if the following properties are satisfied:
1. X has independent stationary increaments, i.e., for any subdivision 0 < t 1 < . . . < t n , {X −1
is a family of independent random variables and the law of X −1 t i−1 X t i depends only on s = t i − t i−1 .
Convolution semigroups
Brownian motions are related to convolution semigroups of measures in a very precise way. Theorem 1.2 Let G be a compact connected group.
1. Let X be a Brownian motion on G and let µ t be the law of X t , t > 0. Then (1.1) For any t, s > 0, µ t * µ s = µ t+s .
(1.2) µ t → δ e weakly as t → 0.
2. Conversely, for any family (µ t ) t>0 of probability measures on G satisfying (1.1)-(1.3) and (2.1) For any t > 0 and Borel subset V , µ t (V −1 ) = µ t (V ), i.e., µ t is symmetric; (2.2) For any t > 0, a ∈ G, and Borel subset V , µ t (a −1 V a) = µ t (V ), i.e., µ t is central; (2.3) For any t > 0, the support of µ t is G, i.e., µ t is non-degenerate;
there exists a Bronwian motion X on G such that µ t is the law of X t .
Properties (1.1) and (1.2) define convolution semigroups of measures. The additional property (1.3) defines Gaussian convolution semigroups. The theorem above asserts that Brownian motions on G are in one to one correspondance with non-degenerate central symmetric Gaussian convolution semigroups. It was proved by Berg and Forst in the Abelian case [14] and independently by the first author [3] . The non-Abelian case is due to Heyer and Siebert, see [26, Chapter 6 ].
Brownian motions with prescribed properties
Our main interest is to investigate further properties that a Brownian motion X might have. For the most part, these properties will be expressed in terms of the associated convolution semigroup (µ t ) t>0 . We let ν be the normalized Haar measure on G.
Definition 1.3
We say that a Brownian motion X on G is:
(AC) if, for all t > 0, µ t is absolutely continuous w.r.t. ν;
(CK) if, for all t > 0, µ t is absolutely continuous w.r.t. ν and its density is continuous;
(CK#) if it is (CK) and its continuous density µ t (·) satisfies
for any compact K such that e ∈ K.
Properties (AC) and (CK) are very natural conditions to wonder about. Property (CK#) can be interpreted as a very weak form of Gaussian upper-bound. Obviously, these three properties are always satisfied when G is a Lie group. In fact, when G is a Lie group, µ t admits a smooth positive density bounded by
for all x ∈ G, 0 < t < 1, > 0. Here d is a bi-invariant Riemannian distance associated to (µ t ) t>0 . See, e.g., [33] . One natural problem in the present context is the existence of Brownian motions having some of the properties above. The first result in this direction is due to Heyer and Siebert.
Theorem 1.4 ([26, chapter 6])
If there exists a Brownuian motion on G such that the law µ 1 of X 1 is absolutely continuous w.r.t. Haar measure then G is locally connected and has a countable basis for its topology.
Conversely, if G satisfies these two topological properties then there are Brownian motions on G such that µ t is absolutely continuous and has a continuous density for all t ≥ 1.
The second statement is due to Siebert [28] . In recent work, we obtain the following result. Theorem 1.5 ( [11] ) Let G be a compact, connected, locally connected group having a countable basis for its topology. Then there exist many (CK) and even (CK#) Brownian motions on G.
This result is more difficult to prove than the aforementioned result of Siebert asserting the existence of a Brownian motion on G with continuous density for t > 1. Siebert's proof is a clever abstract application of projective limits and the Peter-Weyl theorem for compact groups. The proof of Theorem 1.5 involves a precise description of the structure of connected compact groups and much more analytic apparatus.
If G is not a Lie group and X is a (CK) Brownian motion on G with density µ t (·), it is not hard to show (see [10] ) that lim t→0 log µ t (e) log(1 + 1/t) = +∞.
The next theorem asserts the existence of (CK) Brownian motions approching the optimal behavior. Theorem 1.6 ( [11] ) Let G be a compact, connected, locally connect group having a countable basis for its topology. For any increasing positive function ψ tending to infinity as t tends to infinity there exists a (CK) Brownian motion on G whose continuous density satisfies log µ t (e) ≤ log(1 + 1/t)ψ(1/t) as t → 0.
Before we go on and give an idea of how these existence results are proved, we would like to consider a different kind of questions, leading to a better understanding of the properties of Brownian motions on compact groups: Problem 1.7 Assume that X is an (AC) Brownian motion. Does it automatically implies that X is (CK)? Problem 1.8 Assume that X is a (CK) Brownian motion with continuous density µ t (·). Can one characterize (CK#) in terms of the behavior of µ t (e)? Problem 1.7 is motivated by the following special cases. The answer is yes for Lie groups [29] . If G is Abelian and infinite dimensional (i.e., G = T ∞ is the infinite dimensional torus) and X is diagonal (i.e. X is the product of Brownian motions on circles) the answer is again yes, that is, (AC) ⇔ (CK) [4] . If G is semisimple (i.e., G equals its commutator subgroup) the answer is yes again [6] . Problem 1.7 is open for general Brownian motions on T ∞ . It follows from [11] that, if (AC) ⇔ (CK) for general Brownian motions on T ∞ , then the same is true for Brownian motions on any compact group. Problem 1.8 is motivated by the fact that it is a priori easier to control µ t (e) than to prove a property of the density such as (CK#). It is solved by the following result. Consider now the Green function
Of course, this formula defines q as a probability measure. Because of the properties of (µ t ) t>0 q is symmetric and central. Questions of interest are: is q absolutely continuous with respect to ν? If it is, does it have a continuous density on G \ {e}? The following result justifies (if necessary) the introduction of property (CK#).
Theorem 1.10 ( [11] ) Let G be a compact, connected, locally connect group having a countable basis for its topology. Let X be a Brownian motion on G.
1. The Green function q is absolutely continuous with respect to ν if and only if X is an (AC) Brownian motion.
2. The Green function q is absolutely continuous with respect to ν and admits a continuous density on G \ {e} if and only if X is a (CK#) Brownian motion.
The first part of this theorem is a special case of a general result of Fukushima [22] (the essential hypothesis here is symmetry). That (CK#) is sufficient for the Green function to have a continuous density off the neutral element follows from a more general result of the first author [4] . The necessity of (CK#) in the case of Brownian motions on compact groups is a recent result of the authors which uses the full strength of the results of [8, 9, 11 ].
Infinitesimal generators and intrinsic distances
Let G be a connected compact group with normalized Haar measure ν. Fix a Brownian motion X on G with the law of X t being µ t . It induces a self-adjoint Markov semigroup of operators on L 2 (G, dν) defined by
Consider its infinitesimal generator −L defined by
with domain D equals to the set of all functions in L 2 (G, dν) such that this limit exists in L 2 (G, ν). The domain D might be difficult to describe but it always contains as a core the set C(G) of all Bruhat test functions on G (these test functions are smooth functions that are lifted from any Lie quotient of G; these are dense in
. As we will see below, understanding the structure of L is a crucial step in obtaining results concerning Brownian motion on compact groups.
For the time being we need L only to define the so-called intrinsic quasi-distance associated to X. Define the field operator (or carré du champs) Γ(f, f ) by setting
for any Bruhat test function f on G.
We call d the intrinsic quasi-distance associated with X.
The quasi-distance d has become a classic object in the context of analysis on local Dirichlet spaces. See, e.g., [30] . Observe that, because
For all of this, see [10] .
It is an interesting problem to relate properties of d to properties of X. For instance, what can be said about X if d is continuous? Conversely, which properties of X implies that d is continuous? Theorem 1.12 ( [10, 11] ) Let X be a Brownian motion on a compact connected group G.
Assume that d is continuous, then X has property (CK * ).
2. Assume X is (CK) and there exists λ ∈ (0, 1) such that
Then d is continuous.
3. There exist Brownian motions satisfying (CK * ) and such that ν(
Theorems 1.5, 1-6, 1.9, 1.10, 1.12 are proved using results that are stated below in Sections 2 and 3. Section 2 describes a splitting result which depends on classical structure theorems for compact groups [27] . It reduces many problems to the cases of Abelian groups on one hand and semisimple groups on the other hand. Section 3 describes the main results concerning Abelian groups and semisimple groups. These two cases differ in many aspects. Each requires specific techniques developed in [4, 9] for the Abelian case and in [7, 8, 11] for the semisimple case.
Splitting into Abelian and semisimple parts 2.1 The structure of bi-invariant Laplacians
Let X be a Brownian motion on a compact group G with infintesimal generator −L. Understanding the structure of L is one of the basic steps in understanding properties of X. In the case of Lie groups, a celebrated (more general) theorem of Hunt describes L as a left-invariant (in our case bi-invariant and self-adjoint) second order differential operator. It turns out that bi-invariant second order differential operators on connected compact Lie groups are very few and it is possible to describe all of them precisely.
Recall that differential operators on Lie groups can be viewed as elements of the universal enveloping algebra. As such, differential operators on G or G/H can be identified if H is a finite normal subgroup of a Lie group G. The same is true when G is a compact connected non-Lie group and H is a closed normal totally disconnected subgroup of G. We will use this fact repeatedly in the following discussion.
Let us start with the following structure Theorem. Let G be a compact connected Lie group. Then there is a finite cover G of G such that G = T × Σ where T is a (finie-dimensional) torus and Σ is a semisimple, connected, simply connected compact Lie group. Moreover, Σ = m 1 Σ k where each Σ k is a simple, connected, simply connected, compact Lie group. See [27, Chapter 6] . On each Σ k we denote by L k the corresponding Laplace-Beltrami operator associated with the canonical Killing metric (our signe convention is that L k has non-negative spectrum).
Theorem 2.1 Referring to the notation above, any bi-invariant second order differential operator L such that L1 = 0 (possibly with first order terms) on G is of the form
where c k ∈ C and L 0 is a second order differential operator on T without constant term.
If, in addition, −L is the infinitesimal generator of a non-degenerate symmetric Gaussian semigroup on G and T = T , then each c k , 1 ≤ k ≤ m, is a positive real and
where a i,j ∈ R and A = (a i,j ) is a symmetric positive definite matrix.
This result is well-known but a precise reference seems difficult to find. We refer to the discussion in [32, pg. 123-124] and to [11] . One first shows that any bi-invariant second order differential operator on G splits into m + 1 components according to the direct product
Then it is well-known that each Σ k admits (up to a multiplicative constant) only one bi-invariant second-order differential operator without constant term, namely, the Laplace-Beltrami operator associated with the Killing metric on Σ k . Theorem 2.1 extends to general connected compact groups because these are projective limits of Lie groups. First, recall that the commutator subgroup G of G is a closed subgroup. Let Z 0 be the connected component of the center of G and
Moreover, G is semisimple (i.e., (G ) = G ) and thus has a decomposition of the form
where each Σ k is a simple, connected, simply connected Lie group with (finite) center Z k and Ξ is a closed subgroup of the center Z k of Σ. Of course, the number of simple factors can be finite or infinite. See [27, Chapter 9] . It should be noted that, in general, the subgroup H (resp. Ξ) is far from being a finite group so that G (resp. Σ) is not a finite cover of G (resp. G ) anymore. However, H (resp. Ξ) is a closed normal totally disconnected subgroup. This suffices to insure that any invariant differential operator on G can be uniquely lifted to G (resp. Z 0 × Σ).
where −L 0 is the infinitesimal generator of a symmetric Gaussian semigroup on Z 0 , L k is the Killing Laplace-Beltrami operator on Σ k , and c k is non-negative for each k ≥ 1.
Let us briefly describe the Abelian part L 0 . As Z 0 is an Abelian connected compact group, it is either finite-dimensional and equal to T n for some finite n or equal to a closed subgroup of
If, in addition, Z 0 is locally connected, then it is equal to T ω with ω = n or ∞ and L 0 can be uniquely described
with a i,j ∈ R and A = (a i,j ) symmetric, non-negative. If Z 0 ⊂ T ∞ is not locally connected (e.g., solenoides) L 0 can also be represented as above with some degenerated matrix A. Alternatively, it can be described by introducing the (projective) Lie algebra of Z 0 .
The structure of central Gaussian semigroups
Let G be a compact connected group having a countable basis for its topology. Let X be a Brownian motion on G with associated central Gaussian semigroup (µ t ) t>0 . We have seen above how the infinitesimal generator splits into an Abelian part L 0 and a semisimple part L = k≥1 c k L k . However, it is not completely clear what this splitting entails concerning (µ t ) t>0 .
Consider the Levy-Malcev decomposition G = (Z 0 × G )/H. Theorem 2.2 implies in particular that there exists a unique symmetric Gaussian semigroup (
Let us set G = G/H.
Then the connected component Z 0 of the center of G is isomorphic to Z 0 /H, the commutator group G of G is isomorphic to G /H and G is isomorphic to Z 0 × G . Of course by projection we obtain a symmetric central Gaussian semigroup (µ t ) t>0 on G which splits as the product
where the Abelian part can be interpreted as the projection of (µ 0 t ) t>0 from Z 0 to Z 0 /H and the semisimple part as the projection of (µ t ) t>0 from G to G /H. There are several identifications through isomorphisms that are going on in this construction and it is necessary (crucial in fact) to verify that these commutes with the projection maps. Definition 2.3 Let G be a compact connected group.
1. We call A = Z 0 /H the Abelian part of G and G the semisimple part of G.
2. Given a central symmetric Gaussian semigroup (µ t ) t>0 on on G, we define the Abelian part of (µ t ) t>0 to be the Gaussian semigroup (µ
We define the semisimple part of (µ t ) t>0 to be the Gaussian semigroup (µ
3. Given a Brownian motion X on G with one-dimensional distributions (µ t ) t>0 , we define the Abelian part of X to be the process on A with one-dimensional distributions (µ a t ) t>0 and similarly for the semisimple part of X.
The next result is one of the cornerstones of our understanding of central Gaussian semigroups. Without it we would not be able to construct examples of central Gaussian semigroups having prescribed properties or to relate different properties to each other as, for instance, we do in Theorem 1.10. The proof of this theorem is quite difficult. One of the fundamental ingredients is the sandwiching of µ t between the two product measures
on G, G respectively. However, it might happen that µ t and µ t have very different properties because the projection maps involved are not covering maps. For instance, it might happen that G hence G are locally connected whereas G is not locally connected. In such cases, µ t is always singular with respect to Haar measure. This shows that the sandwitching above is by no mean enough to prove Theorem 2.4. One of the very crucial step in the proof of Theorem 2.4 is the study of the pair of semigroups (µ t ) t>0 , (µ t ) t>0 on the semisimple groups G and G as described in Section 3.2 below. There is also a splitting theorem concerning intrinsic distances associated to Brownian motion.
Theorem 2.5 ([11
3 The Abelian and semisimple cases
The Abelian case
Start with the fact that the existence of an (AC) Brownian motion on a group implies local connectedness. The only compact connected locally connected Abelian groups having a countable basis for their topology are T ω , ω = 1, 2, . . . , ∞. We consider only the case of T ∞ . Let X be a Brownian motion on T ∞ with one-dimensional distributions (µ t ) t>0 . From what has been said before, it follows that X is uniquely determined through its infinitesimal generator by an infinite symmetric positive matrix A. Here, positive means that i,j a i,j ξ i ξ j > 0 for any non-zero vector ξ ∈ R (∞) (i.e., ξ has only finitely many non-zero coordinates). Equivalently, the matrix A can be introduced via Fourier analysis. Namely, the dual of T ∞ is the group Z (∞) and the Fourier transformμ t is given bŷ
where ψ(θ) is a quadratic form on Z (∞) . The matrix defining ψ in the standard basis is A:
The problems outlined above for general compact groups can now be expressed in the present Abelian case in terms of the matrix A: which properties of A characterize (AC), (CK), (CK#)? Around 1974, Christian Berg [13] and the first author [3] were the first to study Gaussian semigroups on the infinite-dimensional torus explicitely. They were motivated by potential theoretic questions raised by the work of Bliedtner [15] . See [4] and Section 4 below.
3.1.A The diagonal case
On T ∞ , existence results can be obtained by looking at the diagonal case where a i,j = a i δ ij for some sequence a = (a i ) of positive numbers. In this case, set N (s) = N a (s) = i:a i ≤s 1 = #{i : a i ≤ s}.
The following theorem gathers some of the noteworthy results concerning this diagoonal case. 
The quasi-distance d is continuous if and only if
and, in this case, lim
We have
Part 4 allows the construction of semigroups having various behaviors. For instance, for any λ ∈ (0, ∞), there are Gaussian semigroups on T ∞ such that log µ t (e) ∼ t −λ as t → 0.
3.1.B The general case Understanding general symmetric Gaussian semigroups on T ∞ is a much more delicate question. Let us repeat here that the question whether or not (AC) is equivalent to (CK) is open in this case. Introduce the spectral function
In words, W counts the number of lattice points in the ellipsoide {ξ : Aξ, ξ ≤ s}, in infinite dimension. It seems that the best one can hope for is to describe properties of (µ t ) t>0 in terms of W . On the one hand, this is easy for certain properties related to the behavior of µ t (e) because µ t (e) = ∞ 0 e −st dW (s).
For instance, log µ t (e) = o(t −λ ) as t → 0 if and only if log W (s) = o(s λ/(1+λ) ). A different argument due to C. Berg [13] shows that property (CK) is equivalent to the behavior log W (s) = o(s) as s → ∞.
On the other hand characterizing a property such as (CK#) is not obvious.
Theorem 3.2 ([9]) For any Brownian motion on T
∞ properties (CK#) and (CK * ) are equivalent and they are also equivalent to
Yet another equivalent property is that the Green function q = ∞ 0 µ t e −t dt is absolutely continuous w.r.t. the Haar measure and admits a continuous density on G \ {e}. This is a fundamental result for our purpose and we comment on the proof. That (CK * ) implies (CK#) holds in much greater generality, in particular, it holds for any symmetric Gaussian semigroup on any group. See [9, 10] . The same applies to the fact that (CK#) implies that the Green function q admits a continuous density off the neutral element. See [4] . To show that (CK * ) holds if one assumes that q admits a continuous density on G \ {e}, we use the inequality
which holds true for any symmetric Gaussian semigroup on any finite dimensional torus T n . This inequality is proved by Fourier transform (see [9] ) and the proof does not seem to generalize in the non-Abelian case. The same inequality is crucial for the following result. 
If the quasi-distance d is continuous, then X satisfies (CK * ).
2. If X is (CKλ * ) for some λ ∈ (0, 1), then d is continuous and
The semisimple case
Recall that for any compact connected group any element of the algebraic commutator group (i.e., the group G generated by commutators) is a commutator. It follows that G is closed and G = G . By definition, a compact connected group is semisimple if G = G . This coincides with the usual definition in the case of Lie groups. See [27] . Semisimple groups have a very simple structure: up to quotient by a central subgroup they are direct products of compact, connected, simply connected, simple Lie groups. That is, for any semisimple group G there exists a finite or infinite sequence (we are assuming throughout that G has a countable basis for its topology) (Σ k ) of compact connected simply connected simple Lie groups such that
where Ξ is a central closed subgroup of Σ. As the center Z of Σ is the product Z = Z k of the centers of the Σ k 's and each Z k is finite it follows that Ξ ⊂ Z is totally diconnected. Now, let X be a Brownian motion on the semisimple group G = Σ k /Ξ. Let n k be the dimension of Σ k and L k be the Killing Laplace-Beltrami operator on Σ k . By Theorem 2.2, (µ t ) t>0 is given on the set C(G) of Bruhat test functions by
where α = (α k ) is a sequence of positive numbers and
It is a remarkable fact that the two sequences (n k ) and (α k ) suffice to characterize many properties of (µ t ) t>0 . We set N α (s) = k:α k ≤s n k .
Theorem 3.4 Let G be a connected compact semisimple group having a countable basis for its topology. Let X be a Browninan motion on G with one-dimensional marginals (µ t ) t>0 .
X is (AC) if and only if it is (CK).
Moreover, a necessary and sufficient condition is
X is (CK#) if and only if it is (CK * ). Moreover, a necessary and sufficient condition is
lim t→∞ 1 t N α (t) = 0.
The associated quasi-distance d is continuous if and only if
This is also equivalent to 1 0 log µ t (e)dt < ∞.
4. If X satisfies (CK) then there exist constants c i , 1 ≤ i ≤ 4 such that, for all t ∈ (0, 1),
where
The fourth statement of this theorem can be used to obtain existence and non-existence results. It is used in the proof of Theorem 1.6 to exhibit nice central Gaussian semigroups on any compact group. It is also used in [11] to show that there exist connected compact semisimple groups such that, for any 0 < a < b < ∞, there are no (CK) central Gaussian semigroups satisfying
Compare to the existence result of Theorem 1.6 and see Section 5.3 for explicit examples.
Potential theory
Let G be a connected, locally connected, compact group having a countable basis for its topology. Let X be a Brownian motion on G with infinitesimal generator −L. Let U be the set of all open subsets of G. For any U ∈ U, let H(U ) be the set of all continuous functions u on U such that G u Lφdν = 0 for all Bruhat test functions φ ∈ C(G) supported in U . Functions in H(U ) are said to be harmonic in U . This defines a harmonic sheaf, that is, the family H(U ), U ∈ U has the following properties:
(1) For any U ∈ U, H(U ) is a set of continuous functions on U .
(2) For any U 1 , U 2 ∈ U such that U 1 ⊂ U 2 the restriction of any function in H(U 2 ) to U 1 belongs to H(U 1 ).
(3) For any family {U i : i ∈ I} ⊂ U, a function on U = i∈I U i belongs to H(U ) if for each i ∈ I its restriction to U i belongs to H(U i ).
By construction, the sheaf H is bi-invariant. It also has a number of important properties:
1. There exists a basis of open sets V for which the Dirichlet problem can be solved: for any continuous function φ on the boundary of V , there exists a unique harmonic function u such that for any boundary point a ∈ ∂V , lim x→a u(x) = φ(a). For instance, the sets V can be taken to be the inverse images of open sets with smooth boundary by projection maps onto Lie groups (i.e., smooth cylindrical sets).
2.
The harmonic sheaf H is elliptic in the following sense: any non-negative harmonic function on a connected open set is either strictly positive or identically zero.
3. Any sequence of harmonic functions which converges locally uniformly tends to a harmonic function.
Consider the following stronger convergence properties that may or not be satisfied by H. For V ∈ U and (f i ) a non-decreasing sequence of harmonic functions in V , let f = lim i→∞ f i . One says that the harmonic sheaf H has:
• The Bauer convergence property if, for any V and (f i ) as above, f ∈ H(V ) whenever f is locally bounded in V .
• The Brelot convergence property if for any connected V and (f i ) as above, f ∈ H(V ) whenever f is finite at one point.
A classic result (see e.g., [20] , Ex. 1.1.15) asserts that the Brelot convergence property is equivalent to the following elliptic Harnack inequality.
(EHP) Let V be an open connected subset of E. For any compact set K ⊂ V , there exists a positive constant C = C(V, K) such that any nonnegative u ∈ H(V ) satisfies
We call H an elliptic Bauer sheaf (resp. a Brelot sheaf) if it has Bauer (resp. Brelot) convergence property. The problem of studying invariant harmonic sheaves on groups was first considered by J. Bliedtner [15] . If G is a Lie group, the sheaf H considered above is always a Brelot sheaf. Indeed, L is then the Laplace-Beltrami operator for a bi-invariant Riemannian metric on G and (EHP) holds true.
In infinite dimension, the situation is more complicated. Around 1974, C. Berg and the first author proved, independently, that the infinite dimensional torus T ∞ carries a harmonic sheaf H as above that is a Brelot sheaf [12, 3] . Later, the first author proved that T ∞ carries sheaves H that are not Bauer sheaves, and others that are elliptic Bauer sheaves but not Brelot sheaves. See [4] .
The following result relates in a precise way Bauer and Brelot convergence properties to the behavior of the one dimensional marginals of the Brownian motion X. This leads to the following result which gives a complete satisfactory answer to a circle of questions first considered by Bliedtner [15] .
Theorem 4.2 ([11])
Let G be a connected, locally connected, compact group having a countable basis for its topology. Then
• G carries bi-invariant Brelot harmonic sheaves. If G is not a Lie group, it also carries bi-invariant elliptic harmonic sheaves that are not Bauer sheaves.
• All bi-invariant elliptic Bauer harmonic sheaves are Brelot sheaves if and only if G is a Lie group.
Further results can be found in [8, 9, 11] . In the above discussion, we started with a Brownian motion on G and associated to it a harmonic sheaf. The order can be reversed and it can be shown that any bi-invariant elliptic harmonic sheaf on a compact group is in fact associated to a Brownian motion.
Examples

Solenoides
Let a = (a 1 , a 2 , . . .) be a sequence of natural integers and define a n = n +1 a i . Consider the projective sequence (T k , π ,k ), ≤ k where for each k, T k is the circle T = {z ∈ C : |z| = 1} and π ,k : T k → T is the map z → z a k . By definition, the a-adic solenoid S a is projective limit of the projective sequence (T k , π ,k ), ≤ k. In more concrete terms, it means that S a is the subgroup of ∞ 1 T k of those points x = (x 1 , x 2 , . . .) such that π ,k (x k ) = x for all ≤ k. It follows that S a is a compact connected group having a countable basis for its topology. The following well-known result shows that S a is not locally connected.
Claim 1 S a ∼ = (R × ∆ a )/H where ∆ a is the compact group of a-adic integers and H is the discrete subgroup {(h, −h) : h ∈ Z}.
Recall that ∆ a is the set of all a-adic numbers of the form z =
The topology of ∆ a is defined by a metric and, in this metric, the distance from z to the neutral element 0 is |z| = (a 0 ) −1 where is the smallest integer i such that z i = 0. The natural integers N form a dense subset of ∆ a .
The natural homomorphism that leads to the claim above is ψ : R × ∆ a → S a given by
Claim 2 Set ∆ a = {0} × ∆ a and ∆ a = ψ(∆ a ).
1. ∆ a is a closed subgroup of S a , isomorphic to ∆ a .
2. ∆ a is the projective limit of finite cyclic groups Z/a n 0 Z with projection maps π ,n : Z/a n 0 Z → Z/a 0 Z given by z → a n z.
Proof Statement 1 follows by inspection ( ψ| ∆a is an isomorphism onto ∆ a ). For 2, consider
It is easy to see that ∆ a /∆ n a
This finishes the proof of Claim 2.
Gaussian measures on Solenoides
A symmetric Gaussian measure µ is a probability measure that can be embeded in a symmetric Gaussian semigroup (µ t ) t>0 as µ = µ 1 .
Claim 3 Any two symmetric Gaussian measures µ, µ on S a have full support, are mutually absolutely continuous and are singular with respect to Haar measure.
Proof Let µ k be the projection of µ on the circle T k . Since µ is Gaussian, µ k is Gaussian. Hence it has a positive smooth density w.r.t Haar measure on the circle. Since this holds for all k, µ has full suppport.
For the proof of the two other statements, we need the following result.
Claim 4 There exists an homomorphism φ : R → S a such that, for each symmetric Gaussian measure µ on S a , there exists a unique Gaussian measure µ on R satisfying µ(V ) = µ(φ −1 (V )) for all Borel sets V ⊂ S a .
This follows from general principle but we will give a direct proof below. First we finish the proof of Claim 3 using Claim 4. Let µ, µ be two symmetric Gaussian measures on S a and µ, µ be the two corresponding symmetric Gaussian measures on R. Since, on R, any two Gaussian measures are absolutely continuous w.r.t each other, the same holds for their pushforward µ, µ .
To prove that µ is singular w.r.t Haar measure, observe that S = φ(R) is a Borel subgroup of S a . Indeed, it can be represented as the union of countably many compacts φ(I k ) where
. By Claim 4, µ(S) = µ(R) = 1. But S has Haar measure zero. Indeed, if S had positive Haar measure, S = SS −1 would contain an open neighborhood of the neutral element. Since S a is connected, it would imply that S = S a . But this is not possible since S a is not locally connected and thus it cannot be the continuous image of R.
We now want to outline a proof of Claim 4. Recall that S a is the projective limit of cicles T k with projection maps π ,k : T k → T given by π ,k (z) = z a k . Consider a projective sequence of lines R k with projection maps given by π ,k (x) = a k x. We can view each T k as the quotient of R k = R by Z with projection maps φ k . Then
Note that the projective limit of the sequence (R k , π ,k ), ≤ k is again R (compare to what happens in the limit to the sequence (T k )!). Finally, let π k : S a → T k and π k : R → R k be the canonnical projections. The homophism φ : R → S a of Claim 4, is defined through its projections, by the formula
In fact, φ coincides with the restriction of the natural homorphism ψ from Claim 1 to the subgroup R. Now, let µ be a symmetric Gaussian measure on S a . Let µ k be the projection on T k defined by µ k (V ) = µ(π −1 k (V )) for all Borel subsets V of T k . Each µ k can be lifted to a Gaussian measure µ k on R k . By construction the system ( µ k , π ,k ), ≤ k, is projective. By Kolmogoroff's theorem, there exists a probability measure µ on R such that µ k (V ) = µ • π −1 k (V ). This can also be checked directly in this simple case. Clearly this measure is a symmetric Gaussian measure and µ is the pushforward of µ.
Hofmann examples
We now present a class of examples that was brought to our attention by K. Hofmann. See [27, pg 488-489] .
Fix as before a sequence of natural integers a = (a k ) and set a k = k +1 a i . Let Σ a be the product group
Obviously, this group is semisimple, i.e., Σ a = Σ a . The center Z(SU(n)) of SU(n) is isomorphic to Z/nZ through the isomorphism j → e 2πij/n I n where I n is the n by n identity matrix. The center Z(Σ a ) of Σ a is the direct product of the finite groups Z(SU(a
The sequence (Z(SU(a k 0 )), p ,k ) is a projective sequence and we denote by D a its projective limit. It is clear that D a is a compact central totally disconnected subgroup of Σ a . It is also easy to see that D a is isomorphic to the subgroup ∆ a of S a . The isomorphism is given
We are now ready to define the class of examples that we call Hofmann groups. Namely, we define the group G a by
Thus, G a is a compact connected group having a countable basis for its topology. Its semisimple part is
whereas the connected component of the neutral element in the center is
The Abelian part of G a is
That is, A a is isomorphic to a circle. By the Borel-Hofmann-Scheerer theorem, [27] , the group G a is isomorphic to the semidirect product of G a φ A a . It follows that G a is locally connected.
Brownian motions on G a
We can now describe how the results presented in the first section and some other results from [11] apply to this class of examples. Let X be a Brownian motion on G a with one-dimensional marginals (µ t ) t>0 . X is completely determined by a pair (α 0 , α) where α 0 is a positive real and α = (α i ) ∞ 1 is a sequence of positive reals. In other words, there is a one two one correspondence between Brownian motions on G a and sequences (α 0 , α 1 , α 2 , . . . , ) of positive reals. See Theorem 2.2. This correspondence can be obtained as follows. Let µ a t be the Abelian part of (µ t ) t>0 , that is the projection of (µ t ) t>0 on A a ∼ = T. Then α 0 is the diffusion coefficient of the corresponding Brownian motion on A a ∼ = T, i.e., and to project again on the semisimple factor Σ a /D a . By bi-invariance, the projection on Σ a /D a must be generated by a second order differential operator of the form
where, for each k ≥ 1, L k is the Laplace-Beltrami operator associated to the Killing form on SU (a k 0 ) and α k is a positive real. Conversely, any pair (α 0 , α) with α 0 > 0 and α = (α 1 , α 2 , . . .), α k > 0 yields a (product) Brownian motion on S a × Σ a with infinitesimal generator
This, in turn, yields a Brownian motion on G a by projection.
Because Brownian motions are uniquely determined by their infinitesimal generators, the constructions outlined above from X to (α 0 , α) and from (α 0 , α) to X are converse of each other.
Let us now apply Theorem 2.4 to this example. As A is a circle, we see that any Brownian motion X on G a is (AC), (CK), (CK#), (CKλ * ) if and only if its semisimple part has the same property. By Theorem 3.4, these properties can be characterized in terms of the sequences α and (n k ) where n k = (a Let us now be more specific and consider the case where a i = p, i = 1, 2, . . . , for some integer p. Then a k 0 = p k . If we assume that the sequence α is of the form α k = φ −1 (k) for some increasing function φ, then
Theorem 5.2 Let a i = p and α k = φ −1 (k) for some increasing function φ as above. Then, 
If t → p 2[φ(t)]
is slowly varying and t → p 2[φ(e t )] is regularly varying of index λ ≥ 0, then ∀ t ∈ (0, 1), log µ t (e) ≈ log(1 + 1/t)p 2[φ(1/t)] .
In particular,
• If α k = p 2k/λ , k = 1, 2, . . . , then log µ t (e) ≈ t −λ as t tends to 0.
• If α k = exp (n) (p 2k ), k = 1, 2, . . . , then log µ t (e) ≈ log(1/t) log (n) (1/t) as t tends to 0. Here, exp (n) and log (n) represent n iterated exponential and logarithmic functions.
The next example illustrates some negative results obtained in [11] .
of circles of length 1, (µ a t ) t>0 is diagonal with coefficients α i = i 2 . Thus Section 3.1.A shows that (µ a t ) t>0 has a continuous density and even sastisfy (CK * ) since N α (t) = [ √ t] if α is the sequence (i 2 ). Our final example has Z 0 infinite dimensional and not locally connected and A isomorphic to an infinite dimensional torus. Simply consider a sequence (a i ) of sequences a i = (a i j ) of natural integers and consider the infinite product
where G a i is the Hofmann group constructed in Section 5.3.
Let us observe here that the identifications in the center that appear in all the examples above are rather straightforward. Much more complicated ones of course exist. For instance, any connected (not necessarily locally connected) compact Abelian group Z occurs as the component of the center Z 0 of a locally connected, connected compact group. See [27, 9.61 ].
